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Multi-dimensional entangled states have been proven to be more powerful in some quantum infor- 
mation process. In this paper, down-converted photons from spontaneous parametric down conver- 
sion(SPDC) are used to engineer multi-dimensional entangled states. A kind of multi-degree multi- 
dimensional Greenberger-Horne-Zeilinger(GHZ) state can also be generated. The hyper-entangled 
photons, which are entangled in energy-time, polarization and orbital angular momentum (OAM), 
is proved to be useful to increase the dimension of systems and investigate higher-dimensional en- 
tangled states. 
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I. INTRODUCTION 

Quantum entanglement is the foundation of quantum 
teleportation, quantum computation, quantum cryptog- 
raphy, superdense coding, etc. In recent years, the in- 
terest in multi-dimensional entangled states, or qudits, is 
steadily growing. One advantage of using multilevel sys- 
tems is its promise to realize new types of quantum com- 
munication protocols^ 0, an d its better properties 
in quantum cryptography than qubits0, 0, 0, @- These 
cryptography protocols are more robust against specific 
classes of eavesdropping attacks. The other advantage is 
their possible implementation in the fundamental tests 
of quantum mechanics. For two-partite system of di- 
mension greater than two, it has been found that the 
Clauser-Horne-Shimony-Holt(CHSH) inequality can be 
maximally violated, and this violation continues to sur- 
vive in the limit of infinite dimensions 6] . GHZ paradoxes 
and Bell inequality have also been discussed for multi- 
partite systems of multi-dimension in0, H, 0, EH 111) . 
Additionally, the usage of multilevel systems provides a 
possibility to introduce very special protocol, which can- 
not be implemented with qubits, such as quantum bit 
commitment ^2 • 

There are several approaches to investigate higher di- 
mensional systems. In one case, multiple entangled 
qubit systems are used, such as four-photon polariza- 
tion scheme [T^. In some other cases, dimensions of the 
element are increased. For example, the interferome- 
ter method was used to generate energy-time entangled 
autritsfTil Il5) : and other techniques rely on the spa- 
tial modes of down-converted photons from SPDC. These 
down-converted photons can be entangled in not only po- 
larization, or spin angular momentum, but also spatial 
modes, such as orbital angular momentumf OAM) (lt| . 
Hermite- Gaussian modes |17j. The spatial entanglement 



occurs in an infinite-dimensional Hilbert space. M any 
theoretical[ll E H EH and experimental^! |H H| 
works about entangled qudits have been done based on 
OAM of the photons. 

Quantum state engineering, i.e., the ability to gener- 
ate, transmit and measure quantum systems is of great 
importance in quantum information process. Qutrit 
state engineering has been done using polarization of 
biphotons|25j. In the present protocol, we show that any 
entangled qudit states can be generated by exploiting the 
OAM and polarization of the energy-time entangled pho- 
tons. A kind of artificial multi-partite multi-dimensional 
entangled GHZ states is also generated by the help of 
photon pairs entangled in polarization, OAM and energy- 
time simultaneously. (This kind of multiply-entanglement 
is named as hyper-entanglement 26].) Although only two 
photons are involved in these GHZ states, they appear 
like multi-partite entangled states due to the usage of 
multi-degree of each photon. We call this kind of states 
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FIG. 1: Schematic experimental setup for generation of 
multi-freedom multi-dimensional entangled states. In each 
path, there is a three-arm interferometers. TBS is three- 
beam-splitter which can also be substituted by two BS. PCs 
and OAMCs are added in each arm to control the polarization 
and OAM of down-converted photons. 
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multi-degree multi-dimensional entangled states. 



II. EXPERIMENTAL SETUP TO GENERATE 
ENTANGLED QUDITS AND MULTI-DEGREE 
MULTI-DIMENSIONAL GHZ STATES 

Energy-time entangled qutrit states can be gener- 
ated as photon pairs from SPDC passing two three- 
arm interferometers [13, ITfij. For each interferometer, a 
phase vector consisting of two independent phases can 
be defined, e.g., the relative phase between the short (s)- 
medium(m) and short-long(l), path lengths. Coinci- 
dence measurement at the outputs of the interferome- 
ters project onto entangled qutrit states defined when 
the photons take the same arm in each interferometer, 
short-short, medium-medium or long-long at signal-idler 
path. For this type of experiments, the following condi- 
tions must be satisfied |l5(: The coherence length of the 
down-converted photons is much smaller than the path- 
length difference in the interferometers so that no single 
photon interference effects are observed in passing the in- 
terferometers; the coherence length of the pump laser is 
much greater than these path-length differences so that 
we have no timing information as to the creation time of 
the photon pairs and hence which path was taken before 
detection. 

As polarization control(PC) and OAM control 
(OAMC) are added, we extents the experimental set-up 
of Thew and his co-workers [Til ITEj to Fig. 1. Consider 
the case that the photons take the same path in each 
interferometer, the state can be written as: 



TABLE I: The polarization of photons in each arm of signal 
and idler path. 



Signal path 


Polarization 


Idler path 


Polarization 


Short arm 


H 


Short arm 


H 


Medium arm 


H 


Medium arm 


V 


Long arm 


V 


Long arm 


V 



tons. This can be realized by the combination of Po- 
larization Beam Splitter(PBS), Half Wave Plate(HWP) 
and Quarter Wave Plate(QWP). The polarization of pho- 
tons passing through PBS can be determinately H or V. 
Using HWP and QWP, we can get any polarization we 
wanted. If the polarization of the down-converted pho- 
tons is known, for example, the crystal is cut for Tpye-I 
SPDC, there is no need to use PBS. 

With PCs, we can change the polarization of the pho- 
tons according to the paths they taken. For instance, 
photons with polarization showing in Tab. I can be 
achieved. In this case, the state of Eq. (2) will change 
to: 



|V> = -^(|0h0 h ) + |1^M + |2v2v». (3) 

A set of basis states can be defined with the po- 
larization of the two photons [2^ :\H H) = |0) ; \HV) = 
|1) ; \ VV) = 1 2). If just consider the information of po- 
larization, we get the state: 



c s \ss) + c m e^ + ^ + ^)\ 1 



(1) 



where a m ,a; and [3 m ,Pi represent the phase in medium 
and long interferometer arms of signal and idler path, 
QJl and $>j k are multiples of 2tt/3 which depend on the 
path taken by the photons in the interferometer and the 
output, j.k £ {0,1, 2}a.b, they taken. Apparently, we 
can justify the state of Eq. (1) to: 



1 



= _(|00> + |11> + |22». 



(2) 



It is a maximally entangled GHZ state of two autritsfTl. 



V3 



(|0> 



|2». 



(4) 



Obviously, we can control the polarization of photons in 
each path to change this state to arbitrary qutrit: a |0) + 
j3 |1) +7 |2>. If we additionally define \VH) = |3), we will 
get arbitrary 4-dimensional state: a |0) + /3 11) + 7 |2) + 
S\3). 

Thus we can get the three-degree three-dimensional 
entangled GHZ state: 
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A. Generation of qudits and three-degree 
three-dimensional GHZ state 

The Polarization control(PC)(see Fig. 2a) is a de- 
vice that can be used to control the polarization of pho- 



FIG. 2: (a) is a PC which is used to control the polarization of 
photons. It includes PBS, HWP and QWP. (b) is an OAMC 
which is used to control the OAM of Photons. It includes 
MMF and CGHs. The PBS (MMF) can be taken out if we 
know the polarization (OAM) of the input photon. 
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where the first two terms of each \nnn) (n = 0, 1, 2) rep- 
resent the path information and the third term represents 
the polarization information. 

B. Generation of entangled qutrits and four-degree 
three-dimensional GHZ state 

Now we will discuss the function of OAM con- 
trol(OAMC). The OAMC(see Fig. 2b) is a device that 
can be used to control the OAM of photons. It has been 
shown that paraxial Laguerre-Gaussian(LG) laser beams 
carry a well-defined orbital angular momentum|22j| . and 
the LG modes form a complete Hilbert space. Every 
photon of the pure LG l p mode beam carries an OAM 
of lh. Many experimental works ^| |2^ about qu- 
dits are based on OAM of the photons since the down 
converted photons from SPDC are entangled in OAM. 
In these works, computer generated hologram(CGH) and 
mono-mode fiber (MMF) were used to generate and de- 
tect high order LG modes. Only the photons with OAM 
can passed the MMF, all other modes have a large spatial 
extension, and therefore cannot be coupled into MMF. 
The function of MMF to OAM is like PBS to polariza- 
tion. The CGHs are used to change the OAM of photons. 
By shifting the CGHsl^ or designing special CGHsjH, 
we can generate superposition of different OAM states. 
The OAMC can be realized by the combination of MMF 
and CGHs. The efficiency of this kind OAMC is lower 
than 1. 

By the help of OAMCs, and just consider the informa- 
tion of OAM of the photons, we can engineer any pure 
two-partite three-dimensional entangled states: 

[4>) = |0)(a 00 |0)+a 01 |l)+a 02 |2)) 
+ |1) (aio|0)+a u |l)+ai2|2)) 
+ |2)(a 20 |0)+a 21 |l)+a 22 |2)), (6) 

where |0) , |1) and |2) is the OAM of the photons. 

In detail, pure two-partite three-dimensional entangled 
states can be divided into three group. First, it only in- 
cludes the terms in one of the three lines of Eq. (6) , for 
example |0) («oo |0) + «oi |1) + ^02 |2)). We can get this 
type of states by controlling the photons taken the signal 
path in the state |0), and photons taken the idler path 
in the state «oo |0) + aoi |I) + a 02 |2). Second, the state 
includes the terms coming from two lines of Eq.(6), such 
as |0) (a o |0) +a i |1> + «02 12)) + |1) (ai |0) +a n |1) + 
u\2 1 2)). This state can be generated when the photons 
taken the short arm and medium arm of signal path have 
OAM, photons taken the long arm of signal path have 1 
OAM, and photons taken the short arm and medium arm 
ofidler path are in the state l/2(aoo |0)+aoi |l)+c*02 |2)), 
photons taken the long arm of idler path is in the state 
"io |0) +an |1) +au |2). Third, the state includes terms 
coming from all three lines of Eq. (6), for example 
|0) (a o |0) + a 01 |1) + a 02 |2» + |1> (a w |0) + an |1) + 



ai2 |2)) + |2) (a 20 |0) + a 21 |1) + a 22 |2)).In this case, the 
photons taken the signal short, medium and long arm of 
signal path can be controlled to have 0, 1, 2 OAM, and the 
photons taken the short, medium and long arm of idler 
path in state a o |0) +a i |1) +a 02 |2) , a w |0) +au |1) + 
a 12 1 2) and a 2 o |0) + a 2 \ |1) + a 22 |2) respectively. So we 
can get arbitrary pure two-partite three-dimensional en- 
tangled state. 

Consider the information of both the paths and OAM 
of photons, we can obviously get the four-degree three- 
dimensional GHZ state: 



|V) = ^(|0000) + |1111) + |2222), (7) 

where the first two terms of \nnnn) [n — 0,1,2) carry 
the information of the paths and last two terms carry 
the information of OAM of photons. 



C. Generation of multi-dimensional entangled 
states 

It has been proven that angular momentum can be sep- 
arate into orbital and spin contributions [2^ . So we can 
use OAMCs and PCs at the same time. In this situa- 
tion, we can engineer arbitrary pure three-degree three- 
dimensional entangled states: 

2 

\lp) = ^ a rnn V \mnp) . (8) 
m,n,p— 

Similarly, we can easily get the state: 



\tp) = —(100000) + |11111) + |22222) . (9) 
v3 

It is a five-degree three-dimensional maximally entangled 
GHZ state. 

In fact, we will find these multi-degree multi- 
dimensional entangled states can also be two-partite 
multi-dimensional entangled states, while the dimension 
is m x n x p x where m is the dimension of the first 
freedom, n the second, p the third and so on. For exam- 
ple, we can do the following definition: |0) = |0#) , |1) = 
|0 V ),|2) = |l ff ),|3) = |ly),|4) = |2 ff ),|5) = \2 V ), 
where |0jj) represent the OAM of the photon is and 
polarization if, others similarly. This kind of states can 
be measured by combination of PBS, HWP, QWP, CGH, 
and MMF. Then the state of Eq. (8) will change to a 
two-partite six-dimensional(3 x 2) entangled state: 

5 

\ip) = ^ amn l mn ' > ' ( 10 ) 

771,71—0 
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Obviously, if we can use more freedom of photons, we can 
easily increase the dimension. 

Bell inequalities and CHSH inequalities have been de- 
veloped to arbitrarily high-dimensional systems 0, l30| . 
To test these inequalities, we need to think the archi- 
tecture to increase the dimension of the systems. For 
example, in the OAM schemes, lens must be used to get 
the maximally entangled states. It will be difficult to re- 
alize if higher dimension is needed. The present protocol 
shows that it seems much more convenient to increase 
the dimension of systems using hyper- entanglement. 

III. CONCLUSION 

In conclusion, different freedoms(path, polarization 
and OAM) of down-converted photons from SPDC are 
used to generate multi-dimensional entangled states. The 



photon pairs are entangled in energy-time, polarization 
and OAM which is called hyper entangled. We can en- 
gineer multi-dimensional states and multi-dimensional 
entangled states of two partite systems in this way. 
Multi-degree multi-dimensional GHZ states can also be 
generated using this hyper entanglement. It is easier 
to control this entangled qudits than we just use high 
dimension of single freedom of photons. The hyper- 
entanglement is proved to be useful for investigation of 
higher-dimensional entangled states. 
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